CONTINUOUS HOMOMORPHISMS OF ARENS-MICHAEL 

ALGEBRAS 



ALEX CHIGOGIDZE 

Abstract. It is shown (Theorem 3.3) that every continuous homomorphism 
of Arens-Michael algebras can be obtained as the hmit of a morphism of cer- 
tain projective systems consisting of Frechet algebras. Based on this we prove 
(Theorem 4.2) that a complemented subalgebra of an uncountable product 
of Frechet algebras is topologically isomorphic to the product of Frechet alge- 
bras. These results are used to characterize (Theorem 5.2) injective objects 
of the category of locally convex topological vector spaces. Dually, it is shown 
(Theorem 6.2) that a complemented subspace of an uncountable direct sum of 
Banach spaces is topologically isomorphic to the direct sum of (LB)-spaces. 
This result is used to characterize (Theorem ??) projective objects of the 
above category. 



1. Introduction 

Arens-Michael algebras are limits of projective systems of Banach algebras 
(or, alternatively, closed subalgebras of (uncountable) products of Banach al- 
gebras). Quite often, when dealing with a particular Arens-Michael algebra, at 
least one projective system arises naturally (for instance, as a result of certain 
construction) and, in most cases, it does contain the needed information about 
its limit. The situation is somewhat different if an Arens-Michael algebra is 
given arbitrarily and there is no particular projective system associated with it 
in a canonical way. 

Below (Definition 3.1) we introduce the concept of a projective Frechet system 
and show (Theorem 3.3) that every continuous homomorphism of Arens-Michael 
agebras can be obtained as the limit homomorphism of certain morphism of cofi- 
nal subsystems of the corresponding Frechet systems. This result applied to the 
identity homomorphism obviously implies that any Arens-Michael algebra has 
essentially unique Frechet system associated with it. Consequently, any infor- 
mation about an Arens-Michael algebra is contained in the associated Frechet 
system. The remaining problem of restoring this information is, of course, still 
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non-trivial, but sometimes can be successfully handled by using a simple but 
effective method. This method is based on Proposition 2.5^. 

Applying such an approach we obtain the following, in a sense dual, state- 
ments (precise statements are recorded in Theorems 4.2 and 6.2 respectively). 

Retracts of uncountable products of Banach spaces. A retract of an un- 
countable product of Banach spaces is the product of retracts of countable sub- 
products. 

Retracts of uncountable coproducts of Banach spaces. A retract of an 
uncountable coproduct of Banach spaces is the coproduct of retracts of countable 
subcoproducts. 

Based on these results we present a complete description of injective and 
projective objects of the category CCS of locally convex topological vector 
spaces (over the field of complex numbers). Obviously products (coproducts) of 
arbitrary collections of injective (projective) objects of any category are again 
injective (projective). Also the class of injectives (projectives) is stable under 
retractions. Sometimes in a relatively nice category there naturally exists a class 
of "simple" injectives (projectives) so that any other injective (projective) can 
be obtained from simple ones by applying the above mentioned operations, i.e. 
by forming products (coproducts) and by passing to retracts. Consider some 
examples: 

1. Injectives in the category CO MP of compact Hausdorff spaces are pre- 
cisely retracts of products of copies of the closed unit segment [2] , whereas 
projectives are retracts of coproducts of copies of the singleton [4, Prob- 
lem 6.3.19(a)]. The cone of the uncountable power of the segment is an 
example of an injective which is not the product of simpler injectives. 

2. Injectives in the category COMPABGR of compact Hausdorff abelian 
topological groups are precisely the tori, i.e. products of copies of the 
circle group T (see [1] for a topological characterization of arbitrary tori). 

3. Projectives in the category TZ-M.OD of left 7?.-modules (where TZ is an as- 
sociative ring with unit) are coproducts of countably generated projectives 
[6]. 

In these examples injectives are retracts of products and projectives are re- 
tracts of coproducts of simpler objects. On the other hand, as shows the first 
example, injectives need not be products. 

The following two results (Theorems 5.2 and ?? respectively) provide the full 
solution of the corresponding problems in the category CCS. 

Characterization of injectives. The following conditions are equivalent for 
a locally convex topological vector space X: 



Applications of Proposition 2.5 in a variety of situations can be found in [2]. 
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(1) X is an injective object of the category CCS. 

(2) X is isomorphic to the product i G T}, where each Ft, t E T, is a 
complemented suhspace of the product W{(-oo{Jtn) '■ n G u)}. 

2. Preliminaries 

2.1. Projective systems and their morphisms. Below we consider projec- 
tive systems Sx = {Xa,Pai ^} consisting of topological algebras X^, a E A, and 
continuous homomorphisms p^: — > Xa, a < P, a, P E A {A is the directed 
indexing set oiSx)- The limit limSx of this system is defined as the closed sub- 
algebra of the Cartesian product JJ^IXq: a E A} (with coordinatewise defined 
operations) consisting of all threads of Sx, i-e. 

]^Sx = G JJ^IXq,: a E A}: p^i^p) = for any a,(3 E A with a < /Sj. 

The a-th limit projection : lim»Sx X^, a E A, of the system Sx is the 
restriction (onto lim»Sx) of the a-th natural projection tTq, : JJ^IXq, : q; e A} — > 

Xa- 

If A' is a directed subset of the indexing set A, then the subsystem {Xa,Pa, A'} 
of Sx is denoted Sx\A'. We refer the reader to [8], [9] for general properties of 
projective systems. 

Suppose we are given two projective systems Sx = {Xa,Pai ^} ^^'i <Sy = 
{Ky, q^, B} consisting of topological algebras Xa, a E A, and Y^, ^ E B. A 
morphism of the system Sx into the system Sy is a family {/y: 7 E B}}, 
consisting of a nondecreasing function ip:B^A such that the set (p{B) is 
cofinal in A, and of continuous homomorphisms f^ : ^,^(7) — > defined for all 
^ E B such that 

„s f _ f fiS) 
H^JS — J 7/^(^(7)' 

whenever ^,5 E B and 7 < 5. In other words, we require (in the above situation) 
the commutativity of the following diagram 

Xip(5) > Ys 



■ V(7) 



1'. 



Any morphism 



^^(7) ^ ^7 



{^,{f^:^eB}}:Sx^SY 
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induces a continuous homomorphism, called the limit homomorphism of the 
morphism 

lim {(f, {/-y : 7 G B}} : lim Sx — lim Sy- 

To see this, assign to each thread x — {xa : a E A} oi the system Sx the point 
y — {y-y : 7 e 5} of the product ]^{^ : 7 G -B} by letting 

y-r = /7(a;v(7))'7 e B. 

It is easily seen that the point y — {y^ : 7 e S} is in fact a thread of the system 
Sy- Therefore, assigning to a; = {xa- a E A} E lim Sx the point y = {y^: 7 e 
B} G lim Sy, we define a map lim {/^: 7 G B}}: lim 5^ — ^ lim Sy. 
Straightforward verification shows that this map is a continuous homomorphism. 

Morphisms of projective systems which arise most frequently in practice are 
those defined over the same indexing set. In this case, the map </?: A — > A of 
the definition of morphism is taken to be the identity. Below we shall mostly 
deal with such situations and use the following notation: {fa'- YaiOi G 

A\ : Sx Sy or sometimes even a shorter form {fa}'- Sx — ^ Sy- 

Proposition 2.1. Let Sy = {Ya-,qa-,A} he a projective system and X he a 
topological algehra. Suppose that for each a E A a continuous homomorphism 
fa' X ^ Ya is given in such a way that fa — lafp whenever a, P E A and 
a < p. Then there exists a natural continuous homomorphism f'-X—^ lim Sy 
(the diagonal product A{fa'- a E A}) satisfying, for each a E A, the condition 

fa = Qaf- 

Proof. Indeed, we only have to note that X, together with its identity map 
idxi forms the projective system S. So the collection {fa', a E A} is in fact a 
morphism S — > Sy. The rest follows from the definitions given above. □ 

2.2. Arens-Michael algebras. We recall some definitions [5]. A polynormed 
space X is a topological linear space X furnished with a collection {| | • 1 A} of 
seminorms generating the topology of X. This simply means that the collection 

{x E X : \\x — XqW,^ < e} , Xq E X , u E A, e > 0, 

forms a subbase of the topology of A. A polynormed algebra is a polynormed 
space X wich admits a separately continuous multiplication bioperator m: X x 
X ^ X . A multinormed algehra is a polynormed algebra such that < 
ll^lli^ ■ \ \y\\u for each v E A and any {x,y) G A x A. Finally, an Arens-Michael 
algebra is a complete (and Hausdorff) multinormed algebra. 

The following result [5, Corollary V.2.19] provides a characterization of Arens- 
Michael algebras. 
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Theorem 2.2. The following conditions are equivalent for a multinormed al- 
gebra X: 

(a) X is an Arens-Michael algebra. 

(b) X is limit of a certain projective system of Banach algebras. 

(c) X is topologically isomorphic to a closed subalgebra of the Cartesian prod- 
uct of a certain family of Banach algebras. 

2.3. Set-theoretical facts. For the reader's convenience we begin by present- 
ing necessary set-theoretic facts. Their complete proofs can be found in [2]. 

Let A be a partially ordered directed set (i.e. for every two elements a, {3 & A 
there exists an element 7 e A such that 7 > a and 7 > /?). We say that a 
subset Ai <Z A oi A majorates another subset A2 A of A if for each element 
a2 e A2 there exists an element ai e Ai such that ai > 0:2. A subset which 
majorates A is called cofinal in A. A subset of A is said to be a chain if every 
two elements of it are comparable. The symbol sup B , where B C A, denotes 
the lower upper bound of B (if such an element exists in A). Let now r be an 
infinite cardinal number. A subset of ^4 is said to be r-closed in A if for each 
chain C <^ B, with |C| < r, we have supC e B, whenever the element supC 
exists in A. Finally, a directed set A is said to be t- complete if for each chain 
C of elements of A with |C| < r, there exists an element supC in A. 

The standard example of a r-complete set can be obtained as follows. For 
an arbitrary set A let exp A denote, as usual, the collection of all subsets of A. 
There is a natural partial order on exp A: Ai > A2 if and only if Ai ^ A2. With 
this partial order exp A becomes a directed set. If we consider only those subsets 
of the set A which have cardinality < r, then the corresponding subcollcction 
of exp A, denoted by exp^ A, serves as a basic example of a r-complete set. 

Proposition 2.3. Let {At : t E T} be a collection of r-closed and cofinal 
subsets of a r-complete set A. If \ T \< r , then the intersection n{At : t G T} 
is also cofinal (in particular, non-empty) and r-closed in A . 

Corollary 2.4. For each subset B, with | -B |< r, of a r-complete set A there 
exists an element 7 e A such that ^ > (3 for each (3 E B . 

Proposition 2.5. Let A be a r-complete set, L C A^, and suppose that the 

following three conditions are satisfied: 

Existence: For each a E A there exists (3 E A such that {a, (3) e L. 
Major ant ness: // (a, (3) E L and 7 > /3, then [a, 7) G L. 
r-closeness: Let {at : t E T} be a chain in A with \ T \< r. If (a*, 7) G L 
for some 7 e A and each t E T, then {a, 7) e L where a — sup{at : t & T}. 

Then the set of all L-reflexive elements of A (an element a & A is L-reflexive 
if {a, a) & L) is cofinal and r-closed in A. 
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3. Continuous homomorphisms of Arens-Michael algebras 

The following statement is needed in the proof of Theorem 3.3. In the case 
when all X^s are Banach algebras its proof can be extracted from [5, Proposi- 
tion 0.1.9] (see also [5, Proof of Proposition V.1.8]). 

Lemma 3.1. Let Sx — {^a^PaJ ^} ^ projective system consisting of Arens- 
Micheael algebras X^, a E A, Y be a Banach algebra and f: limS ^ Y be a 
continuous homomorphism. Then there exist an index a & A and a continuous 
homomorphism : X^ — > Y such that f = fa ° Pa- 

Proof. The continuity of / and the definition of the topology on lim S guarantee 
that there exists an index a ^ A and an open subset Va C Xa such that 

(3.1) f{Pa\Va))^{yeY: \y\ < 1} , 

where | ■ | denotes the norm of the Banach space Y. 

Since Xa is an Arens-Michael algebra, Xa can be identified with a closed 
subalgebra of the product JJ^I^t^ t € T} of Banach algebras Bf, t e T (The- 
orem 2.2). Let II • \\t denote the norm of the Banach space Bt, t e T. For 
S CT, let ns: Yl^^* t e T} ^ Yl^^* * ^ denote the natural projec- 
tion onto the corresponding subproduct. If 5" C T is a finite subset of T, then 
\\{xt: t e S}\\s = max{||xt||t: t e S} for each {xt: t e S} e Y\_{^f t G S}. 

Since Va is open in Xa, the definition of the product topology guarantees the 
existence of a finite subset C T and of a number e > such that 

(3.2) {XaeXa-. \\7Ts{Xa)\\s<e}CVa 

Combining (3.1) and (3.2), we have 

(3.3) f{{xeX: \\7isiPa{x))\\s<e})C{yeY: \y\ < 1} . 

It then follows that ii x E X and ||7r5(pQ(a^))||5 < 1, then ||7r5(pa(e2;))||5 = 
e|K5(Pa(2;))||5 ^ e and consequently 



(3.4) 
Since 



6|/(a;)| = |/(ex)|<l, i.e. |/(x)| < 



TTS Pa 



X 



\7^siPa{x))\\s 

we must have (by 3.4) 



1 



\T^s{Pa{x))\\s 



\T^s{Pa{x))\\s = 1, 



\T^siPaix))\\s 



f 



X 



\T^siPaix))\\s 



< 
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and hence 

(3.5) < ^\\7rs{pa{x))\\s for each x e X. 

Let us now show that the map 

H^) = / {Pa' (%'(^) n Xa)) : nsiPaiX)) ^ Y 
is well defined. Assuming the contrary, suppose that for some z e 7rs{pa{X)) 
there exist two points Xi,X2 G {'^s'^i^) ^ ^a) such that f{xi) 7^ /(X2). Con- 
sequently, — 3^2)1 7^ 0. On the other hand, TisiPai^i ~ -'^2)) = 7i"S'(]?a(^i)) ~ 
'Ks{Pa{x2)) = z — z — 0. Then (3.5) implies that 

1 

7^ |/(a:i - X2)\ < -\\ns{Pa{xi - X2))\\s = 0. 

This contradiction shows that the map h : 7rsipa{X)) — > y is indeed well defined. 
Note that 

(3.6) f ^ hoTTsopa, 

which implies that the map h is linear. Next consider points z e 7rs{paiX)) and 
x & X such that 7rs{pa{x)) — z. By (3.5), 

\h(z)\^\f(x)\<-JMPa(x))\\s^-J\z\\s. 

This shows that h is bounded and, consequently, continuous. Next let us show 
that h: ns{pa{X)) ^ y is multiplicative. Let {x' ,y') e T:s{Pa{X)) x T^s{Pa{X)) 
and consider a point (x, y) £ XxX such that T^s{Pa{x)) — x' and TTsipaiv)) — v'- 
Then, by (3.6), 

h{x' ■y')^h {TTs{Pa{x)) ■ ■nsiPaiy))) = h {nsiPaix ■ y))) = f{x ■ y) = 

f{x) ■ f{y) = h (TTsipaix))) ■ h (TTsipaiy))) = Kx') ■ h{y'). 

Since (Y, | • |) is complete, h admits the linear continuous extension 

9- cln{St: te5} {-^siPaiX))) ^ Y. 

Since the multiplication on JJ^I-B^: t G Tj} is jointly continuous, we conclude 
that g is also multplicative. Finally, define the map fa as the composition 

fa = go{ns\Xa) -.Xa^Y. 

Obviously is a continuous homomorphism satisfying the required equality 

fa°Pa = f- □ 
Next we introduce the concept of projective Frechet system. 

Definition 3.1. Let r > a; be a cardinal number. A projective system Sx = 
{Xa,Pa, A} consisting of topological algebras Xa and continuous homomor- 
phisms p^: — > Xa, a < P, a, P E A, is a, r-system if: 
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1. Xa is a closed subalgebra of the product of at most r Banach algebras, 
ae A. 

2. The indexing set A is r-complete. 

3. If {a-y : 7 e r} is an increasing chain of elements in A with a = supja-y : 7 e 
r}, then the diagonal product^ 



is a topological isomorphism. 
4. Pa{X) is dense in for each a & A. 

Frechet systems are defined as projective w-systems. 

Proposition 3.2. Every Arens-Micheal algebra X can be represented as the 
limit of a projective Frechet system Sx = {Xa,Pat^^Pui'^}- Conversely, the 
limit of a projective Frechet system is an Arens-Michael algebra. 

Proof. By Theorem 2.2, X can be identified with a closed subalgebra of the 
product W{Xt : t e T} of some collection of Banach algebras. If |T| < a;, then 
X itself is a Frechet algebra and therefore our statement is trivially true. If 

|T| > a;, then consider the set exp^ T of all countable subsets of T. Clearly, 
exp^T is cij-complete set (see Subsection 2.3). For each A e exp^T, let Xa — 
cl'KAiX) (closure is taken in 1 l{^t: t e A}), where 



denotes the natural projection onto the corresponding subproduct. Also let 
Pa — '^a\Xb where 



is the natural projection, A, S G exp^T, A < B. The straightforward verifica- 
tion shows that Sx = {Xa^Pa^^^'^w'^} indeed a projective Frechet system 
such that lim»Sx = X. 

Conversely, let Sx — {X^^p^^A} be a projective Frechet system. Clearly, 
lim<Sx can be identified with a closed subalgebra of the product : a e A} 

(see Subsection 2.1). Each X„, a G A, can obviously be identified with a 
closed subalgebra of the product n G Tq,} of a countable collection 

of Banach algebras -B". Then limiSx, as a closed subalgebra of the product 



5^ : n G Tq} : a G >1 > is, according to Theorem 2.2, an Arens-Michael 



A{p^^ : 7 e r} : X„ ^ lim{X„^ , ' ' ^} 




7rf : \{{Xt teB}^ Hi^t t G A} 




algebra. 



□ 



The following statement is one of our main results. 



^See Proposition 2.1. 
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Theorem 3.3. Let /: lim<Sx lim»Sy be a continuous homomorphism be- 
tween the limits of two projective Frechet systems Sx — {Xa,Paj ^} ^'^^ 
Sy = with the same indexing set A. Then there exist a cofinal and 

(jj-closed subset Bf of A and a morphism 

{fa - Xa Ya,Bf}: Sx\Bf «5y|i3/, 

consisting of continuous homomorphisms fa' — > Y^, a e Bf, such that 
/ = lim{/,: Bf}. 

If in particular, lim Sx and lim Sy are topologically isomorphic, then Sx — 
{Xa-iP^i A) and Sy — {Ya,q^,A} contain isomorphic cofinal and co-closed sub- 
systems. 

Proof. We perform the spectral search by means of the following relation 

L = {{a, P) G A^ : a < (3 and there exists a continuous homomorphism 

f^:Xp^ Ya such that f^pf, = qj}. 
Let us verify the conditions of Proposition 2.5. 

Existence Condition. By assumption, 1^ is a Frechet algebra. Therefore Y^ 
can be identified with a closed subspace of a countable product ]^{-Bri '■ n ^ u>} 

of Banach algebras. Let Tin'- ]^{Sn: n G c<;} — > denote the n-th natural 
projection. For each n e a;, by Lemma 3.1, there exist an index /3„ e A 
and a continuous homomorphism f^^: Xp^ — > S„ such that TrnQaf — fi3„PPn- 
By Corollary 2.4, there exists an index /3 G A such that f3 > Pn for each n. 
Without loss of generality we may assume that j3 > a. Let /„ = fp^Pp^, n & cu. 
Next consider the diagonal product 

/f = A{/„: neu}:Xp^ J]{S„: n G u}. 

Obviously, f^Pis = Qaf- It only remains to show that f^{Xp) C Ya- First 
observe that f^{pfs{X)) C Y^. Indeed, let x e X. Then 

f^iPpi^)) = {fniPf^ix)) : n G a;} = : n e u} ^ 

{f(3n{Ppn{x))- neuj} = {nn{qa{f{x))): n E u} ^ qa{f{x)) G Y^. 

Finally, 

f.iXp) = f^idx,P0iX)) C Cln{i.„: nee} f^iP^iX)) C cln{B„: ne.} = Y^. 

Majorantness Condition. The verification of this condition is trivial. In- 
deed, it suffices to consider the composition /J = /^p^. 

a;-closeness Condition. Suppose that for some countable chain C = : n G 
uj} in A with a — sup C and for some P E A with P > a, the maps f^^ : Xjs — > 
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have already been defined is such a way that fa^Pjs = Qanf ^ach n E uj 
(in other words, {an, (3) e L for each n & to). Next consider the composition 

= r^oA{/f„:nea;}:X^^y„, 

where i: Ya ^ i™{^a„, '^l topological isomorphism indicated in 

condition 3 of Definition 3.1. Observe that for each x E X 

f'a{Pp{x)) = ^-\Mf^■■ n e u}){p,{x)) = 

t-\A{q^^ : n G u;}){f{x)) = ^-^(A{g2„ : n e = 

(A{g2„: n E co})-\A{q:^: n G u}){q^{f{x))) = q^{f{x)). 

This shows that (a, P) E L and finishes the verification of the c<;-closeness con- 
dition. 

Now denote by Bf the set of all L-rcflcxive elements in A. By Proposition 
2.5, Bf is a cofinal and cu-closed subset of A. One can easily see that the L- 
reflexivity of an element a E A is equivalent to the existence of a continuous 
homomorphism = Y^ satisfying the equality faPa = Qaf- Conse- 

quently, the collection {f^'- a E Bf} is a morphism of the cofinal and a;-closed 
subspectrum Sx\Bf of the spectrum Sx into the cofinal and u;-closcd subspec- 
trum SylBf of the spectrum Sy- It only remains to remark that the original 
map / is induced by the constructed morphism. This finishes the proof of the 
first part of our Theorem. 

The second part of this theorem can be obtained from the first as follows. Let 
/: lim Sx — ^ lim Sy be a topological isomorphism. Denote by : lim Sy — > 
lim Sx the inverse of /. By the first part proved above, there exist a cofinal 
and c<;-closed subset Bf of A and a morphism 

X^^Y^-.aEBf}: Sx\Bf ^ Sy\Bf 

such that / = lim{/a: a E Bf}. Similarly, there exist a cofinal and a;-closed 
subset Bf-i of A and a morphism 

{9a - ^ Xa'. a E Bf-i}: SylBf-i Sx\Bf-i 

such that — lim{5'Q : a E Bf-i}. 

By Proposition 2.3, the set B = Bf D Bf-i is still cofinal and cj-closcd in 
A. Therefore, in order to complete the proof, it suffices to show that for each 
a E B the map fa '■ Xa — Fq is a topological isomorphism. Indeed, take a point 

Xa £ Pa ^Jfin Sx^ C Xa- Also choosc a point x E lim Sx such that Xa = Pa{x)- 
Then 



gafa{Xa) = QafaPaix) = gaQafix) = Paf ^f{x) = Pa{x) = X^- 
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This proves that ga.fa\Pa ^Ihn <Sx^ = idp^f^um 5^)- Similar considerations show 
that fagalQa (lim Sy^ ^ ^*iq„(iim Sy) a e B. Since Pa (lira Sx^ is 

dense in and Qa ^lim Sy^ is dense in (condition 4 of Definition 3.1), it 

follows that gafal^a = idxc /aA'al^ = i^y^ . It is now clear that fa, oc e B, 
is a topological isomorphism (whose inverse is 5^0,). □ 

Remark 3.1. A similar statement remains true (with the identical proof) for 
projective r-systems for any cardinal number t > u. 

Remark 3.2. Theorem 3.3 is false for countable projective systems. Indeed, 
consider the following two projective sequences 

5even = {C^",4"^'\c.} and 5odd = {C^^+\ vr^+t'^+\ c.}, 

where 

denote the natural projections. Clearly the limits lim Seven and lim Spdd of these 
projective systems are topologically isomorphic (both are topologically isomor- 
phic to the countable infinite power of C) , but Seven and Sodd do not contain 
isomorphic cofinal subsystems. 

Corollary 3.4. Let Sx — {Xa,p^-iA} be a projective Frechet system. If \im S 

is a Frechet algebra, then there exists an index a E A such that the j3-th limit 
projection pj^: lim 5 Xp is a topological isomorphism for each (3 > a. 

Proof. Consider a trivial projective Frechet system S' = {X^, q^, A}, where 
Xa = limS and = idums for each a, E A. By Theorem 3.3 (applied to the 
identity homomorphism / = idum^), there exist an index a E A and a continu- 
ous homomorphism ga'. Xa — > lim 5 such that idums = ga°Pa- Clearly, in this 
situation, pa \ lim S : lim S — > Xa is an embedding with a closed image. But this 
image Pa{]ia}:S) is dense in Xa (condition (4) of Definition 3.1). Therefore Pa 
(and, consequently pjs for any (3 > a) is a topological isomorphism. □ 

Corollary 3.5. Suppose that X is a Frechet subalgebra of an uncountable prod- 
uct JJ^I-St- t & T} of Frechet (Banach) algebras, then there exists a countable 
subset Tx of the indexing set T such that the restriction t^Tx\^ '■ ^ ~^ ^Tx {^) of 
the natural projection tttx '■ JJ^i-^t '■ t & T} ^ IT't"^* " ^ ^ ^ topological 

isomorphism. 

3.1. Arens-Michael *-algebras. The concept of projective Frechet system 
can naturally be adjusted to handle variety of situations. Below it will always 
be completely clear in what content this concept is being used. Let us con- 
sider Arens-Michael *-algebras, i.e. Arens-Michael algebras with a continuous 
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involution. It is known that every such an algebra can be identified with a 
closed *-subalgebra of the product of Banach *-algebras (see, for instance, [5, 
Proposition V.3.41]). Therefore one can obtain an alternative description of 
such algebras as limits of projective systems consisting of Banach *-algebras 
and continuous *-homomorphisms (compare with Theorem 2.2). This, as in 
Proposition 3.2, leads us to the conclusion recorded in the following statement. 

Proposition 3.6. Every Arens-Micheal *-algebra X can be represented as the 
limit of a projective Frechet system Sx — {Xa,Pa: ^} consisting of Frechet *- 

algebras X^, a E A, and continuous *-homomorphisms p^: Xp — > X^, « < 
a, /3 G A. Conversely, the limit of any such projective Frechet system is an 
Arens- Michael algebra. 

The analog of Theorem 3.3 is also true. 

Proposition 3.7. Let f: lim»Sx — > lim<Sy be a continuous *-homomorphism 

between the limits of two projective Frechet systems Sx — {^a,PaJ ^} ^'^^ 

iSy = {Ya,q^, A} , consisting of Frechet *- algebras and continuous *-homomor- 
phisms and having the same indexing set A. Then there exist a cofinal and 
uo-closed subset Bf of A and a morphism 

{fa - Ya,Bf}: Sx\Bf «5y|%, 

consisting of continuous *-homomorphisms fa' X^ — > Ya, a e Bf, such that 
f^\im{fa;Bf}. 

If, in particular, lunSx andlirnSy are topologically *-isomorphic, thenSx — 
{Xa^Pai A} and Sy = {Y^, q^, ^} contain isomorphic cofinal and co-closed sub- 
systems. 

Proof. By Theorem 3.3, there exists a cofinal and w-closed subset Bf of A and 
a morphism 

{fa - — *■ Ya,Bf}: Sx\Bf Sy\B f , 

consisting of continuous homomorphisms /q,: X^ — > V^, a. G Bf, such that 
/ = lim{/„;%}. 

Let us show that fa-, ol G Bf is actually a *-homomorphism. Indeed, let 
£ Pq(-'^) and X E X such that Pa(x) = Xa- Then 

/a«) = /a {Va{xY) = fa{Pa{x*)) = qa{f{x*)) = qa (fix)*) = 

Qaifix))* = fa{Pa{x))* = fai^a)*- 



□ 
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4. Complemented subalgebras of uncountable products of 

Frechet algebras 

In this section we show (Theorem 4.2) that complemented subalgebras of 
(uncountable) products of Frechet algebras are products of Frechet algebras. 
We begin with the following lemma. 

Lemma 4.1. Letp: X ^ Y be a surjective continuous homomorphism of topo- 
logical algebras and suppose that X is a closed subalgebra of the product Y x B, 
where B is a a topological algebra. Assume also that there exists a continuous 
homomorphism r: Y x B —> X satisfying the following conditions: 

(i) pr — tty, where tty' Y x B ^ Y denotes the natural projection; 

(ii) r{x) — X for each x & X. 

Then there exists a topological isomorphism h: X ^ Y x kerp such that TTyh — 
P- 

Proof, li X & X, then 

p{x- rip{x), 0)) = p{x) - p{rip{x), 0)) ''^^ 

p{x) - 7ry(p(x), 0) = p{x) - p{x) = 0. 

This shows that the formula 

h(x) = {p{x),x - r{p{x),0)) ,xeX, 

defines a continuous linear map h: X ^ Y x kerp. Moreover, his a, topological 
isomorphism between X and Y x kerp considered as topological vector spaces 
(to see this observe that the continuous and linear map g: Y x kerp X 
defined by letting g{y,x) = r(y,0) + x for each {y,x) E Y x kerp, has the 
following properties: g o h = idx and ho g = idyxkerp)- We now show that h is 
an isomorophism of the category of topological algebras as well. 

Let Xi,X2 G X. We need to show that h{xi) ■ h{x2) = h{xi ■ X2). Since 
X C Y X B we can write = {ai,bi), where a, G F and bi G B, i = 1,2. 
Observe that since Xi & X it follows from (ii) that r{xi) = Xj. Consequently, by 
(i), p{xi) = p{r{xi)) = TTrixi) = 7ry(ai, bi) = a^. Then 



h{xi) = {p{xi),Xi - r{p{xi),0)) = (oj, (oj, k) - r(aj, 0)) , z = 1, 2. 
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Consequently, 

h{xi) ■ h{x2) = (ai, (ai, 61) - r(ai, 0)) ■ (as, (^2, h) - r{a2, 0)) = 

(ai ■ 02, [(ai, 61) - r(ai, 0)] ■ [(as, 62) - r(a2, 0)]) = 

(ai ■ a2, [r(ai, 61) - r(ai, 0)] ■ [r(a2, 62) - r(a2, 0)]) = 

(ai ■ a2, r(0, 61) ■ r(0, 62)) = (ai ■ a2, r [(0, 61) ■ (0, h)]) = 

(ai • 02, r(0, 61 ■ 62)) = (ai ■ 02, r [(ai ■ a2, 61 ■ 62) - (oi • ^2, 0)]) = 

(ai ■ a2, r(ai ■ a2, 61 ■ ^2) - r{ai ■ 02, 0)) = 

(ai • 02, (ai • 02, 61 • 62) - r{ai ■ a2, 0)) = h{ai ■ a2, 61 ■ 62) = 

h ((ai, 61) ■ (02, 62)) = h{xi ■ X2). 

This shows that /i is a homomorphism and, consequently, a topological isomor- 
phism as required. □ 

Theorem 4.2. A complemented subalgebra of the product of uncountable family 
of Frechet algebras is topologically isomorphic to the product of Frechet algebras. 
More formally, if X is a complemented subalgebra of the product t e 

T} of Frechet algebras Bt, t & T, then X is topologically isomorphic to the 
product '■ j ^ where Fj is a complemented subalgebra of the product 

Y\{^t ■ t e Tj} with \Tj\ = CO for each j e J. 

Proof. Let X be a complemented subalgebra of the uncountable product B — 
Bt: t e r} of Frechet algebras Bt, t E T, where T is an indexing set 

with \T\ = T > u). There exists a continuous homomorphism r: B ^ X such 
that r(.r) = x for each x E X. A subset C T" is called r-admissible if 
TTs ir{z)) = ns{z) for each point z G ir^^ (nsiX)). 

Claim 1. The union of an arbitrary family of r-admissible sets is r-admissible. 

Let {Sj : j e J} be a collection of r-admissible sets and S = \J{Sj : j G J}. 
Let z e TTg^ (nsiX)). Clearly z e iTg^ [ns^iX]) for each j E J and consequently 
TTsj ir{z)) — TTSjiz) for each j e J. Obviously, ns{z) G tts ir{z)) and it therefore 
suffices to show that the set vr^ {r(z)) contains only one point. Assuming that 
there is a point y E ns {r{z)) such that y 7^ T^siz) we conclude (remembering 
that S = [j{Sj: j G J}) that there must exist an index j E J such that 
'^Sj(y) 7^ '^Sj {'^s{z))- But this is impossible 

7r|(?/) G 7r| {ns (r(2))) = ng^ {r{z)) = 7is^{z) = 7r| {usiz)) . 

Claim 2. If S <^ T is r-admissible, then 7rs{X) is a closed subalgebra of 
Bs = l[{Bt:teS}. 

Indeed, let is'- Bs B he the canonical section of tts (this means that 
is — idfis AO: Bs — > Bs x Bt-s — B). Consider a continuous linear map 
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rs — T^s ° 1^ ° is- Bs ^ 7rs{X). Obviously, is{y) G n^^ {7Ts{X)) for any point 
y e (X). Since S is r-admissible the latter implies that 

y^TTs {is{y)) = {r {is{y))) = rs{y). 

This shows that tts{X) is closed in Bs- 

Claim 3. Let S and R be r-admissible subsets ofT and S C. R C. T. Then the 
map TTg-. TTji^X) TTs{X) is topologically isomorphic to the natural projection 
tt: ns{X) x ker (vrf |7rR(X)) ^ 7rs{X). 

Obviously n^lX) C irsiX) x Bji_s Q Br = Bs x Bji_s. Consider the map 
in = idfifl AO : Br^ BrX Bt-r = B. Also let rR ^ ttro r o iR-. Br ^ TrR{X). 

Observe that Trf o trI {irsiX) x Br_s) = yrf | {7is{X) x Br_s). Indeed, if 
X G 7rs{X) X Br^s, then iR^x) G tt^^ (7r5(X)). Since 5* is r-admissible, we have 
TTs {r {iR{x))) = TTs {iR{x)). Consequently 

(M^)) = {ttr (r = tt^ (r (iii(x))) = tts (iii(x)) = 

Trf (7rR(iR(a:))) =7rf(x). 

Next observe that rR{x) — x for any point x G 7rR(X). Indeed, since R is 
r-admissible and since iR{x) G tt^^ (7rR(X)) we have 

rR{x) = ttr (r iiRix))) = ttr (^^(x)) = x. 

Apphcation of Lemma 4.1 (with X = 7rR{X), Y = 7rs{X), B = Br^s, 
P — "^s I^r(^) — ^r) finishes the proof of Claim 3. 

Claim 4. Every countable subset ofT is contained in a countable r-admissible 
subset ofT. 

Let A be a countable subset of T. Our goal is to find a countable r-admissible 
subset C such that A <Z C. By Theorem 3.3, there exist a countable subset C of 
T and a continuous homomorphism rc- Be cIbc (T^ciX)) such that A C C 
and TTc o r = rc o nc- Consider a point y G 7rc(X). Also pick a point x & X 
such that 7rc{x) — y. Then 

y = T^c{x) = TTc (r(x)) = rc (7rc(a;)) = rc{y). 

This shows that rc\nc{X) — id7rc(x)- It also follows that 7rc{X) is closed in 
Be- 

In order to show that C is r-admissible let us consider a point z G tt^^^ (7r(7(X)). 
By the observation made above, rc {7Tc{z)) = ndz). Finally 

T^ciz) = rc {ttc{z)) = TTc {r{x)) 

which implies that C is r-admissible. 

Since |T| = r, we can write T = {ta- ol < r}. Since the collection of countable 
r-admissible subsets of T is cofinal in exp^ T (see Claim 4), each element ta & T 
is contained in a countable r-admissible subset A^ C T. According to Claim 
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1, the set Ta — U{^/9- /3 < a} is r-admissible for each a < t. Consider the 
projective system 

where 

Xa = T^Ta{X) Pa = ^7^^^ (-^) for each a < t. 

Since T = [j{Ta: o; < r}, it follows that X = projliniiS. Obvious transfinite 
induction based on Claim 3 shows that 

X = proj \imS = XoX JJ{kcr : a < r}. 

Since, by the construction, is a countable r-admissible subset of T, it follows 
from Claim 2 that Xq and ker (p^^^), a < r, are Prechet algebras. This finishes 
the proof of Theorem 4.2. □ 

5. Injective objects of the category CCS 

In this section we investigate injective objects of the category CCS of locally 
convex Hausdorff topological vector spaces and their continuous linear maps. 

Recall that an object X of the category CSC is injective if any continuous 
linear map f: A ^ X, defined on a linear subspace of a space B, admits a 
continuous linear extension g: B ^ X (i.e. g\A — f). Here is the corresponding 
diagram 



B 




We start with the metrizable case. The following statement is probably known 
(consult with [7, Theorem C.3.4], [3, pp.6-9]). 

Proposition 5.1. The following conditions are equivalent for any Banach space 
X: 

(1) X is an injective object of the category CCS. 

(2) X is an injective object of the category BAN. 

(3) X is isomorphic to a complemented subspace of ioo{J) for some set J. 

Proof. The implication (1) =^ (2) is trivial. 

(2) =^ (3). The Banach space X can be identified with a closed linear 
subspace of the space ioo{J) for some set J. By condition (2), there exists a 
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linear continuous map r: (.oo{J) ~^ ^ such that r{x) — x for each x & X. This 
obviously implies that X is a complemented subspace of ioo{J)- 

(3) =^ (1). First let us show that the Banach space £oo{J) (for any set J) is 
an injective object of the category BAN. Let 

f:X^ e^{J) = j eJ}e Y[{Cj:j G J}: sup{||xjH : j G J} < oo} , 

where Cj, j G J, stands for a copy of C, be a continuous linear map defined on 
a closed linear subspace X of a Banach space Y. Since / is bounded, for each 
J G J we have 

< sup{||/(a;),|| : j E J} = \\f{x)\\ < \\f\\ ■ \\x\\, x e X. 

This shows that \\7rj o /|| < ||/||, where tt j : ioo{J) —>■ Cj denotes the canonical 
projection onto the j-th coordinate. By the Hahn-Banach Theorem, the linear 
map TTj o f : X ^ Cj, j E J, admits a continuous linear extension gj: Y ^ Cj 
such that ll^'jll = II/otTjII < ||/||. Consequently, 

sup{\\gj{y)\\: j G J} < sup{||^,-|| • \\y\\: j G J} < ||/|| • \\y\\ < 00 , y G 

This shows that the map g: Y — > ioo{J), given by letting 

9{y) = {9j{y)-J EJ},yEY, 

is well defined. Obviously g is continuous, linear and extends the map /. There- 
fore ioo{J) is indeed an injective object of the category BAN. 

Next consider a complete locally convex topological vector space Y, its closed 
linear subspace Z and a continuous linear map /: Z — > X, where X is a com- 
plemented subspace of the Banach space ioo{J) for some set J. We need to 
show that / admits a continuous linear extension g: Y ^ X. Identify Y with a 
closed linear subspace of the product : t G T} of Banach spaces Bt,tET. 

Clearly Z is a closed linear subspace of t E T}. By Lemma 3.1, there 

exist a finite subset Tf and a continuous linear map cl^j,^ (^7TTf{Z)) —>■ X 
such that f = f o 7TTf\Z. Clearly cl^j,^, [nTf{Z)) is a closed linear subspace 
of the Banach space cIbj,, [nTf{Y)). The first part of the proof of this im- 
plication, coupled with condition (3), implies that X is an injective object of 
the category BAN. Therefore the map /' admits a continuous linear extension 
g': d-Brp^ (7rT^(F)) — > X. It only remains to note that the map g — g' onXflY is 
a continuous linear extension of /. □ 

Theorem 5.2. The following conditions are equivalent for a locally convex 
topological vector space X: 

(1) X is an injective object of the category CCS. 
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(2) X is isomorphic to the product Y\_{^t - ^ ^ -^i' where each Ft, t eT, is a 
complemented subspace of the product Y\_{^ooiJt„) : n G 00}. 

Proof. (2) =^ (1). By Proposition 5.1, Coo{J) is an injective object of the 
category CCS for any set J. Obviously the product of an arbitrary collection of 
injective objects of the category CCS is also an injective object of this category. 
Consequently, the Prechet space F^, f e T, as a complemented subspace of 
JJ^I^ooC-^tn) : n e a;} is injective. Finally, the space X, as a product of injectives, 
is an injective object of the category CCS. 

(1) =^ (2). The space X can be identified with a closed hnear subspace 
of the product ]^{-Bt : t G T} of Banach spaces i?^, T G T. Each of the 
spaces Bt can in turn be identified with a closed linear subspace of the space 
(-oo{Jt) for some set Jt, t e T. Condition (1) imphes in this situation that X 
is a complemented subspace of the product ]^{^oo(<^t) ■ t e T}. The required 
conclusion now follows from Theorem 4.2. □ 

6. Projective objects of the category CCS 

6.1. Complemented subspaces of uncountable sums of Banach spaces. 

In this section we consider coproducts in the category of complete locally convex 
topological vector spaces. These are called locally convex direct sums ([9, p. 
55] or simply direct sums [8, p. 89]. We are mainly interested in direct sums 
^^{S^: t G T} of (uncountable) collections of Banach spaces Bf, t ^ T. Let 
us recall corresponding definitions. Let {Bt: t G T} be an arbitrary collection 
of (Banach) spaces. For each t E T the space Bt is identified (via an obvious 
isomorphism) with the following subspace 

Bt = ^^{xt: t e T} e Yl{Bt : t eT}: Xf = whenever t' ^ t| 

of the product JJ^i^t^ t G T} of (Banach) spaces Bf, t eT. As a set the direct 

sum ^^{5^: t e T} coincides with the subset of the product J^l-^t^ t e T} 
consisting of points with finitely many non-zero coordinates (in other words, 
^{Bt : t eT}is the vector subspace of Y\.i^t ■ t eT} spanned by [J{Bt : t G 
T}). The topology on ^^{Sj: t G T} is the finest locally convex topology for 

which each of the natural embeddings Bt ^^{5^: i G T} is continuous. 
Categorical description of this construction is also useful. Let S be a locally 

convex topological vector space containing each of the space Bt, t G T, as a 
subspace. Suppose that for any choice of continuous linear maps ft: Bt ^ C, 
where C is a locally convex topological vector space, there exists an unique 
continuous linear map f:B^C such that f\Bt — ft for each t e T. Then 
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B is canonically isomorphic to the direct sum 0{5j: t e T}. A straightfor- 
ward verification shows that if C T, then ^^{-B*: t E S} can be canon- 
ically identified with the subspace of ^^{-S*: t E T} consisting of points 

: t G T} G 0{5t : t G T} : = for each i G T - sj. Note also that if 
S Q R Q T, then the map 

Trf: ^{B,:teR}^^{B,:teS}, 

defined by letting 



ni {{xt-. t E R}) 



Xt, ift E S 

, iftER-S, 



is continuous and linear. 

Proposition 6.1. Let f: 0{5t: t E T} ^i^t- t E T} be a continuous 
linear map of the direct sum of Banach spaces Bt, t E T, into itself. Suppose 
that S CT and f (0{5t: t E S}^ C 0{5t: t E S}. If \T\ > uj, then the 
collection 

Ks^[Ae exp,(T -S): f (0{S,: tES\jA})(Z 0{i?,: tESiJA}] 

is cofinal and uj-closed in exp^(T — S). 

Proof. Consider the following relation Ls on the set {expu,{T — 5'))^: 

Ls= {{A,C) E {exp^iT - S)f : A C C and 

/ (0{Si : t G 5 U A}) C 0{5, -.tESDC}] 

Next we perform the spectral search with respect to Ls- 

Existence Condition. We have to show that for each A E exp^{T — S) 
there exists C E expi^{T — S) such that (A, C) E Lg- 

We begin with the following observation. 

Claim. For each j E T there exists a finite subset Cj C T such that f (Bj) C 
®{Bt:tECj}. 

The unit ball X = {x E Bj: \\x\\j < 1} (here || ■ \\j denotes a norm of 
the Banach space Bj) being bounded in Bj is, by [9, Theorem 6.3], bounded 

in ^^{i?^: t E T}. Continuity of / guarantees that f{X) is also bounded in 
0{St: t E T}. Applying [9, Theorem 6.3] once again, we conclude that there 
exists a finite subset Cj C T such that f{X) C ^^{Bt : t E Cj}. Finally the 
finearity of / implies that / (Bj) C 0{-Bt: t E Cj}. 
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Let now A e exp^(T — S). For each j e A, according to Claim, there exists 
a finite subset Cj C T such that / (Bj) C ^{Bt : t e Cj}. Let = U{Cj : j e 

A}. Observe that \C\ < u. Clearly / (Bj) C 0{St: i e C} for each j e A. 
The linearity of / guarantees in this situation that 

f{®{Bt:teA})c^{B,:teC}. 

Finally let C = {d - S) U A. Since, by our assumption, / (0{-Bt : t G S"}) C 

0{5t -.teS}, it follows that / (0{5t : t G 5 U A}) C 0{St : t G 5 U C}. 

Therefore (A, C) e Lg. 

Majorantness Condition. Let {A, C) G Ls, D G exp^(T - S") and CCD. 

Condition {A,C) G L5 implies that / (0{fii: t G 5 U A}) C 0{5t: t G 

5 U C}. The inclusion CCD imphes that 0{St : t G C} C 0{St : t G D}. 
Consequently 

/ (0{St: t G 5U A}) C 0{Bt: i G 5 U C} C ^{B,: teSUD}, 

which means that {A,D) G Ls- 

w-closeness Condition. Let {Ai,C) G Ls, z G a;, where {Ai: z G a;} is a 
countable chain in exp^(T — S). We need to show that {A, C) G L5, where A — 

\j{Ai: i G a;}. Condition {Ai,C) G Ls implies that / 
0{i?t : t e SU C}, i G cu. Also observe that 

{0{S,: t G A}: i e a;} = 0{5,: t G A}. 

Consequently, by the linearity of /, 

/(0{5i:te5UA}) =/(0{0{i?,:tG5UA,}:iGa;}) C 

^{Bt-.teSuC}. 

By Proposition 2.5, the set of Ls-refiexive elements of expj^(T — S) is cofinal 

and cj-closcd in cxpj^(T — S). It only remains to note that an element A G 
exp^(r — S) is Lg-reflexive if and only if G ICs- □ 

Remark 6.1. Proposition 6.1 is valid only for uncountable sums (compare with 
Remark 3.2). In order to see this consider an uncountable sum t e T} 

of Banach spaces and suppose that /: 0{St: t e T} ^ 0{-St: t G T} 
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is a topological isomorphism. Proposition 6.1, applied to the map /, guar- 
antees the existence of a cofinal and a;-closed subset lC%{f) of exp^^T sat- 
isfying the following property: / 

each A G )C(D{f). The same Proposition 6.1, applied to the map (re- 
call that / is a topological isomorphism), guarantees the existence of a cofi- 
nal and cj-closed subset lC%{f^^) of exp^ T satisfying the following property: 

(0{^*- i e ^}) C (0{5i: t G A}) for each A G lC^{f-^). By Propo- 
sition 2.3, the intersection K, = IC(i,{f) fl A^0(/~^) is still cofinal and a;-closed in 
exp^ T. Obviously, for each A e )C the restriction 

f\®{Bt:teA} : ^{Bf. t e A} ^ ^{Bf. t e A} 

is a topological isomorphism. 

Again, for countable sums such a phenomenom is impossible. In order to see 
this consider the inductive sequences 

5even = {C^",4"^'\a;} and «Sodd = {C^"+\ c.}, 

where 

.2(n+l) . ^2n ^ ^2n Q ^2 .2(n+l)+l . ^2n+l ^ ^2n+l Q ^2 

denote the natural embeddings. Clearly the limit spaces lim»Seven and lim»Sodd 
of these inductive systems are topologically isomorphic, but »Seven and »Sodd do 
not contain isomorphic cofinal subsystems. 

Theorem 6.2. A complemented subspace of the sum of uncountable family of 
Banach spaces is isomorphic to the sum of (LB) -spaces. More formally, if X is 

a complemented subspace of the sum 0{Bt: t G T} of Banach spaces BtjteT, 
then X is isomorphic to the sum ^^{Fj : j G J} where Fj is a complemented 
subspace of the countable sum ^^{Bf -. t G Tj} where \Tj\ — to for each j G J. 

Proof. Let X be a complemented subspace of an uncountable sum ^^{-B* ■ t £ 
T} of Banach spaces Bt, t & T. Clearly there exists a continuous linear map 
r : ^^{-Bt : t E T} ^ X such that r(x) = x for each x E X. A subset C T is 

called r-admissible if r (0(5^: t E S}^ C 0(5^: t E S}. 

For a subset SCT, let X5 = r (0{St : t G 5}) . 

We state properties of r-admissible subsets needed below. 

Claim 1. IfSCTis an r-admissible, then Xs^xf^ {^i^f- ^ e ^}). 
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Indeed, if G Xs, then there exists a point x e ^^{5*: t E S} such that 
r{x) = y. Since S is r-admissible, it follows that 

y = r(x) e r (0{i?t: t G 5}) C 0{5,: t e 5}. 

Clearly, y e X. This shows that C X p| (0{St : t e 5}) . 

Conversely. If y e Xp| (0{5t: t G 5}), then y & X and hence, by the 
property of r, y = r{y). Since y e ^^{Sj: i e 5"}, it follows that y — r{y) e 

r[®{Bt:teS})^Xs. 

Claim 2. The union of an arbitrary collection of r-admissible subsets of T 
is r-admissible. 

This is matter of a straightforward verification of the definition of the r-ad- 
missibility. 

Claim 3. Every countable subset ofT is contained in a countable r-admissible 
subset ofT. 

This follows from Proposition 6.1 applied to the map r. 

Claim 4. If S T is an r-admissible subset of T, then rs{x) = x for each 
point X e Xs, where = r | (0{5( : t e S}^ : 0{5i: t ^ S] ^ Xs- 

This follows from the corresponding property of the map r. 

Claim 5. // S and R are r-admissible subset of T and S C. R, then Xr is 
isomorphic to the sum Xs ker (/^) , where the map fs '■ Xr — > Xs is defined 
by lettinff fsi^) = f's (^5 (^)) /c"^ C'^c/i x e Xr. 

Observe that fsi^) = ^ for each x G Xs. 

Claim 6. // S and R are r-admissible subsets of T and S O R, then there 
exists a continuous linear map if : ker {fs) ~^ ker (vrf ) such that o if — 

idker(/«)- 

Let X e ker {fs). Then rs {ns{x)) — and consequently, 

7r| {x - Trf (x)) = Trf (x) - vrf (Trf (x)) = Trf (x) - vrf (x) = 0. 

This shows that by letting if (x) = x — 7rf (x) for each x G ker {fs)-i we indeed 
define a map if : ker {fs) ~^ ker (vrf ) . Finally observe that 

'^f (^f (^)) =rR{x- Trf (x)) = rR{x) - rR (Trf (x)) = rR{x) - rs {n§{x)) = 

rR{x) = X. 

In other words, rf o if = idj^gj.j-y,fl^ as required. 



^Recall that the definition of the map 7rf is given right before Proposition 6.1 on page 19. 
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Let |r| = T. Then we can write T — {t^'- a < t}. Since the collection 

of countable r-admissiblc subsets of T is cofinal in cxp^ T (sec Claim 3), each 
element to, G T is contained in a countable r-admissible subset Aa C T. Ac- 
cording to Claim 2, the set Tq = U{74^: {3 < a} is r-admissible for each a <t. 
Consider the inductive system 

where 

X, = = X fl r (0{S, : t e Tj) (see Claim 1) 

and 

denotes the natural inclusion for each a <t. For a limit ordinal number f3 < t 
the sum ^^{-B* : t G T^} is topologically isomorphic to the limit space of the 

direct system |0{5t: t e Ta},j'^2^\a < /jj, where 

is the natural inclusion. This observation, coupled with Claim 4, implies that 
= inj lim{Xa, i^"*"^, a < [3} for each limit ordinal number /3 < r. 

In particular X is topologically isomorphic to the limit space of the inductive 
system {Xa,ia'^^,a < r}. 

For each a < t, according to Claim 5, the inclusion i""*"^ : Xa — > Xa+ is 

topologically isomorphic to the inclusion Xa ^ Xa ker {/t^^^) ■ In this 
situation the straightforward transfinite induction shows that X is topologically 
isomorphic to the direct sum 

^oe(®{ker(/frO^ 

Since, by construction, the set Tq is countable. Claim 4 guarantees that Xq is 
an (LB)-space. Similarly, since the set T„+i — Ta = Aa+i is countable. Claim 

6 guarantees that the space ker (^/t^^^^ is an (LB)-space for each a < t. This 

completes the proof of Theorem 6.2. □ 
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